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Gravitational wave from warm inflation
Xi-Bin Li,∗ He Wang,† and Jian-Yang Zhu‡
Department of Physics, Beijing Normal University, Beijing 100875, China
(Dated: March 28, 2018)
A fundamental prediction of inflation is a nearly scale-invariant spectrum of gravitational wave. The features
of such a signal provide extremely important information about the physics of the early universe. In this paper,
we focus on several topics about warm inflation. First, we discuss the stability property about warm inflation
based on nonequilibrium statistical mechanics, which gives more fundamental physical illustrations to thermal
property of such model. Then, we calculate the power spectrum of gravitational waves generated during warm
inflation, in which there are three components contributing to such spectrum: thermal term, quantum term and
cross term combining the both. We also discuss some interesting properties about these terms and illustrate them
in different panels. As a model different from cold inflation, warm inflation model has its individual properties
in observational practice, so we finally give a discussion about the observational effect to distinguish it from
cold inflation.
PACS numbers: 98.80.-k, 98.80.Bp, 98.80.Es
I. INTRODUCTION
It has taken for several years to search for gravitational
waves on astrophysical experiments, such as LIGO [1],
VIRGO [2] and other observational experiments [3, 4] to test
the prediction of general relativity. Hulse and Taylor [5] first
announced the observational evidence for the existence of
gravitational waves. Then came the good news that gravi-
tational waves have been detected by LIGO [6–8] in recent
years generated by binary black hole. This discovery was a
great achievement that opened a new window to better under-
stand our universe both at early epoch and late epoch.
Warm inflation model was established as a candidate sce-
nario to overcome some defects in cold inflation [9, 10]. How-
ever, it was realized a few years after its original proposal
that the idea of warm inflation was not easy to realize in con-
crete models and even simply not be possible in relevant work
[11, 12]. Some problems were mentioned to suspect such sce-
nario. First, it is hard to couple the inflaton directly with light
fields. Considering a Yukawa interaction gφψ¯ψ, the slow roll
condition typically requires an inflaton with large value, while
the fermion obtain an extra mass with also a large value un-
less the coupling a quite small. As a result, the dissipative
effect may be too small either which implies that it is hard to
obtain a period of inflation with dissipation coefficient long
enough to require the 60 e-ford to solve the horizon and flat-
ness problem. Second, a direct coupling to light fields may
lead to large thermal corrections to the inflaton mass mψ = gφ,
which could prevent slow roll for T > H. Shortly afterwards
successful models of warm inflation have been established, in
which the inflaton indirectly interacts with the light degrees
of freedom though a heavy mediator fields instead of being
coupled with a light field directly [9, 13–15]. In such scenar-
ios dissipation can sustain both the slow-roll dynamics of the
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inflaton field and the temperature of the radiation bath for a
sufficiently long period. One can read a Lagrangian density of
the generic form,
L[Φ, X, Y] = L[Φ] +L[X] +L[Y]
+Lint[Φ, X] +Lint[X, Y] (1)
where Φ is the inflaton field, X are any field or degrees of
freedom coupled directly to the inflaton field, while Y can be
any other fields not necessarily coupled to the inflaton, but
are coupled to X. The Lint[Φ, X] and Lint[X, Y] give the in-
teraction among these fields. The evolution of the inflaton
field can be properly determined in the context of the in-in,
or the Schwinger closed-time path functional formalism [16].
This equation displays both dissipation and non-Markovian
stochastic noise terms and it is a generalized Langevin-like
equation of motion [17, 18].
Compared with the predictions of cold inflation that pri-
mordial density fluctuations mostly from quantum fluctuation
and thermal bath are only generated at the end of inflation
[19], warm inflation model suggests that our universe is hot
during the whole inflation when inflaton fields couple with
the thermal bath and the primary source of density fluctua-
tions come from thermal fluctuations [20–22]. The equation
of motion for warm inflation can be written as a stochastic
Lengevin equation, in which there is a dissipation term to de-
scribe the inflaton fields coupling with thermal bath and there
is also a fluctuation term described by a stochastic noise term
[17, 23]. The fundamental principles of warm inflation have
been reviewed recently in [24]. Warm inflation with strong
dissipation requires Υ > H, with which thermal fluctuations
dominate the whole inflationary epoch i.e. T > H [25]. Gen-
erally, we can still have the weak dissipation condition with
Υ ≪ H [26, 27]. Noncanonical warm inflation model is under
studying recently [28, 29].
Although primordial gravitational waves generated during
inflation have not been detected yet till now, the discovery of
gravitational waves by LIGO has shed a bright light to this
prediction. The measurement of the cosmic microwave back-
ground radiation and other observations have given a good
constraint to the ratio of tensor to scaler with r < 0.07 at
295 CL [30]. The study of primordial gravitational wave is a
way to prove the inflationary programm. What’s more, it also
provides an effective method to distinguish among different
inflationary model. Nowmore and more researchers have cast
their eyes to primordial gravitational waves generated by var-
ious kind of sources, such as primordial density perturbation
[31, 32], some kind of inflationary model [33, 34], and even
during reheating epoch [35]; a great deal of predictions have
been given in these works which may be observed in observa-
tion experiments in the near future. However, till now there
has not been any calculation about the gravitational waves
generated from warm inflation. This approach must be an ef-
fective way to differentiate cold inflation model from warm
inflation model.
In this paper, we attempt to illustrate the existence of grav-
itational wave generated from warm inflation. Green’s func-
tion method has been used to calculate the power spectrum
of tensor perturbation with source as the form of transverse-
traceless tensor. This spectrum can separate into three terms:
thermal component, quantum component and cross compo-
nent, and each component has its individual and interesting
properties. With these properties, we discuss the observational
prediction from the view of tensor-to-scalar ratio.
This paper is organized as follows: in Sec. II, we give a
brief introduction to warm inflation and stochastic approach to
deal with warm inflation. In Sec. A, based on nonequilibrium
statistical mechanics, we recalculate the statistical properties
of warm inflation model and give more results in detail. In
Sec. III three programs for describing the thermal, quantum
and their cross term are calculated and relevant calculations
and equations are derived. In Sec. IV, we discuss our result
by numerical analysis. Finally, in Sec. V, we conclude our
work and give some further discussions about our results.
II. STOCHASTIC APPROACH FORWARM INFLATION
A. Stochastic approach
First, let’s have a brief review of stochastic approach for
cold inflation. The equation of motion for cold inflation is
the standard one: In warm inflation model, the equation of
background field is often written as the Langevin equation
[ ∂2
∂t2
+ 3H
∂
∂t
− 1
a2
∇2
]
Φ +
∂V(Φ)
∂Φ
= 0, (2)
where Φ is the inflaton field operator, a is scale factor in
Friedmann-Robertson-Walker metric and H is the Hubble pa-
rameter defended as H = a˙/a. The stochastic approach as-
sumes that inflaton field separates into two parts, one is Φ>
which denotes the long wavelength part, and another is Φ<
which denotes the short wavelength part for quantum vacuum
fluctuation, i.e. Φ→ Φ>+Φ<. Usually, Φ< is written in terms
of a filter (window) function.
The stochastic inflationary approach suggests that quantum
inflaton field Φ is composed in a short wavelength part Φ<,
which denotes the quantum vacuum fluctuations, and a long
wavelength part Φ> i.e. Φ(x, t) = Φ<(x, t) + Φ>(x, t). As pre-
viously study, quantum fluctuation dominates on short wave-
length. With this condition, we assume a number smaller than
unity such that the quantum
Φ<(x, t) ≡ φq(x, t) =
∫
d3k
(2π)3/2
W(k, t)
×
[
φk(t)e
−ix·kaˆk + h.c.
]
, (3)
where φk(t) is the field in momentum space, aˆk is the anni-
hilation operator whose Hermitian conjugate operators is aˆ
†
k
.
In (3), W(k, t) are the window function with sharp momentum
cutoff
W(k, t) = θ(k − ǫaH). (4)
where ǫ is a suitable number smaller than 1. Then fields φk(t)
in (3) satisfy
[ ∂2
∂t2
+ 3H
∂
∂t
− k
2
a2
+ 〈V,φφ (Φ>)〉
]
φk(t) = 0. (5)
Generally, φk(τ) is given by
φk(τ) =
H
√
π
2
(−τ)3/2H(1)µ (−kτ). (6)
where µ =
√
9/4 − m2/H2 with m2 ≃ constant is the average
of V,φφ (Φ>), τ is the conformal time in de Sitter space-time
defined as τ = −1/aH, and H(1) is the Hankel function of the
first kind.
Then, with (2), the equation of motion for long wavelength
part of the field Φ> reads
[ ∂2
∂t2
+ 3H
∂
∂t
− 1
a2
∇2
]
Φ> + V,φ (Φ>) = ξq, (7)
where ξq is given by
ξq = −
[ ∂2
∂t2
+ 3H
∂
∂t
− 1
a2
∇2 + V,φφ (Φ>)
]
φq(t) (8)
and its average vanishes 〈ξq〉 = 0. With (3) and (7), the
two-point correlation function is
〈ξq(x, t)ξq(x′, t′)〉 =
∫
d3k
(2π)3
eik·(x−x
′)Re
[
fk(t) f
∗
k′(t
′)
]
,
(9)
where
fk(t) =
[∂2W
∂t2
+ 3H
∂W
∂t
]
φk(t) + 2
∂W
∂t
∂φk(t)
∂t
. (10)
Here we just give a brief introduction of stochastic inflationary
approach, and more details have been studied in several work
[36, 37].
3B. Warm inflation
In warm inflation model, the equation of motion of back-
ground field is often written as the Langevin equation
[ ∂2
∂t2
+ (3H + Υ)
∂
∂t
− 1
a2
∇2
]
Φ +
∂V(Φ)
∂Φ
= ξT , (11)
where Υ is the dissipation coefficient and ξT is the thermal
noise fluctuation. In this paper, we consider only in the case of
de Sitter space-time, where a(t) = exp(Ht) and H is regarded
as a constant. According to the fluctuation-dissipation theo-
rem, dissipation coefficient Υ and fluctuation noise ξT have
the relation
〈ξT (x, t)ξT (x, t′)〉 = 2ΥTa−3δ(t − t′). (12)
The Fourier transformation of (12) is
〈ξT (k, t)ξT (k′, t′)〉 = 2(2π3)ΥTa−3δ3(k + k′)δ(t − t′).
(13)
Usually Υ is a function of both background homogeneous in-
flaton field Φ and temperature T [15] and we do not attend to
discuss this question here.
The the inflaton field operatorΦ(x, t) is often separated into
the parts as follow
Φ(x, t) = φ(t) + δϕ(x, t), (14)
where δϕ(x, t) is the perturbed part of inflaton, and φ(t) is the
background homogeneous inflaton field which is defended as
φ(t) =
1
Ω
∫
Ω
d3xΦ(x, t). (15)
Here, Ω is particle horizon size Ω = 1/H. With this relation,
(11) reads
∂2φ
∂t2
+ [3H + Υ]
∂φ
∂t
+ V,φ (φ) = 0, (16)
{ ∂2
∂t2
+ [3H + Υ(φ)]
∂
∂t
− 1
a2
∇2 +
Υφ(φ)φ˙ + Vφφ(φ)
}
δϕ = ξT . (17)
With the slow-roll condition, we write (16) as form of that
in cold inflation,
3H(1 + Q)φ˙ + V,φ (φ) = 0, (18)
where Q is the ratio of dissipation coefficient Γ and Hubble
parameter H i.e. Q ≡ Γ/3H. It is also necessary to define
some slow-roll parameter for warm inflation,
ε =
1
16πG
(V,φ
V
)2 ≪ 1 + Q, (19)
η =
1
8πG
V,φφ
V
≪ 1 + Q, (20)
and
β =
1
8πG
Υ,φ V,φ
ΥV
≪ 1 + Q. (21)
Now, looking again (17), we consider only the fluctuation
from thermal noise and neglect that from quantum noise. Ob-
viously, although thermal effect play a significant role in warm
inflation, quantum effect may also be non-negligible. Quan-
tum noise dominates still for short wavelength perturbation, so
we can use stochastic inflationary approach to deal the quan-
tum fluctuation in warm inflation. Thus (17) in momentum
space by defining the variable z = k/aH (ranging from 0 to
∞) becomes
δϕ′′(k, z) − 1
z
(3Q + 2)δϕ′(k, z) +
[
1 +
3(η − βQ/(1 + q))
z2
]
δϕ(k, z) =
1
z2H2
[
ξq(k, z) + ξT (k, z)
]
, (22)
where primes denote the derivatives with respect to the vari-
able z and ξq(k, z) is the quantum noise term reads
ξq(k, z) = −
H2z2
k2
[ ∂2
∂z2
− 2 + 3Q
z
∂
∂z
+ 1
+
Υ,φ φ˙
H2z2
+
V,φφ
H2z2
]
φˆq(k, z), (23)
in which
φˆq(k, z) = W(k, z)
[
φk(z)aˆ−k + h.c.
]
. (24)
Here φˆq(k, z) are still the quantum field modes that satisfy the
equation[ ∂2
∂z2
− 2 + 3Q
z
∂
∂z
+ 1 +
V,φφ
H2z2
]
φk(z) = 0, (25)
with the solution in terms of z:
φk(z) =
H
√
π
2k3/2
z3/2H(1)µ (z), (26)
where µ =
√
9/4 − V,φφ /H2 ≈ 3/2− 3η. Then, we can get the
expression of correlation function of quantum noise
〈ξq(k, z)ξq(k′, z′)〉 =
(2π)3z2z′2H4
k2k′2
[2n(k) + 1]
δ3(k + k′)Re
[
fk(z) f
∗
k′ (z
′)
]
, (27)
4where z′ = k/a(τ′)H and fk(z) is [38]
fk(z) = k
2
[
W′′− 3Q + 2
z
W′ − 3βQ
(1 + Q)z2
W
]
φk(z)
+2k2W′φ′k(z), (28)
and n(k) is the distribution function for high-frequency quan-
tum inflaton which satisfies Bose-Einstein distribution, i.e.
n(k) ≡ 〈aˆ†
k′ aˆ−k〉 = 1/[exp((k − µ)/aT ) − 1] where µ is the
chemical potential to eliminate the divergence of several inte-
grals which will be discussed below.
III. GRAVITATIONALWAVE GENERATED FROMWARM
INFLATION
Fluctuations (including thermal and quantum) through the
energy-momentum tensors Tµν generates tensor perturbation
in Friedmann-Robertson-Walker metrics as
gµν = a
2(τ)[dτ2 + (δi j + hi j)dx
idx j], (29)
where dots denote the derivative with respect to conformal
time τ and Hi j is the tensor perturbation with transverse-
traceless gauge. Tensor perturbations hi j satisfy the equation
of motion
h¨i j + 2
a˙
a
h˙i j − ∇2hi j =
2
M2p
Π
kl
i j Tkl, (30)
with M−2p ≡ 8πG. Define h˜i j ≡ ahi j, then (30) with Fourier
transformation becomes
¨˜hi j + (k
2 − 2
τ2
)h˜i j =
2a
M2p
Π
kl
i j (k)Tkl(k, τ) . (31)
Here, we have used the relation τ = −1/aH in de Sitter space-
time and Π kl
i j
are the transverse-traceless projectors which
follow [39, 40]:
Π
kl
i j (k)pk pl =
(
pi −
ki(p · k)
k2
)(
p j −
k j(p · k)
k2
)
−1
2
(δi j − kˆikˆ j)
(
p2 − (p · k)
2
k2
)
, (32)
Π
kl
i j (k)Π
mn
i j (k)pk pl pm pn =
1
2
(
p2 − (p · k)
2
k2
)2
, (33)
and
Π
kl
i j (k)kl = 0, (34)
where kˆi = ki/k. The solution of (31) is
h˜i j(k, τ) =
2
M2p
∫
dτ′Gk(τ, τ′)a(τ′)Π kli j (k)Tkl(k, τ
′),
(35)
where Gk(τ, τ
′) is the Green function. Two linear solutions of
(31) are
y1(τ) = −kτ n(1)1 (−kτ) =
(
1 +
i
kτ
)
e−ikτ (36a)
and
y2(τ) = −kτ n(2)1 (−kτ) =
(
1 − i
kτ
)
eikτ, (36b)
where n
(1)
1
(z) and n
(2)
1
(z) are the spherical Bessel functions of
the third kind [41]. According to the method in Appendix B,
Green’s functions as a function of z and z′ are
Gk(z, z
′) =
1
kzz′
[
(1+ zz′)sin(z′ − z) + (z − z′)
×cos(z′ − z)
]
θ(z′ − z), (37)
Energy-momentum tensor for warn inflaton field write [42]
Tab = ∂aΦ∂bΦ − gab(
1
2
∂µΦ∂
µ
Φ − V). (38)
The part on the right hand containing gab is projected away
by Π kl
i j
, and φ(t) is the space average of inflaton field that
contributes nothing to the perturbation. So δϕ are the primary
part in Tab. Thus, the tensor spectrum reads
〈hi j(k, τ)hi j(k′, τ)〉
=
4
(2π)3a(τ)2M4p
∫
dz′a(τ′)Gk(τ, τ′)
∫
dz′′a(τ′′)Gk(τ, τ′′)
×
∫
d3pd3p′Π kli j (k)Π
mn
i j (k
′)pk(kl − pl)p′m(k′n − p′n)
×〈Φ(p, τ′)Φ(k − p, τ′)Φ(p′, τ′′)Φ(k′ − p′, τ′′)〉. (39)
It’s convenient to write the spectrum as a function of z:
〈hi j(k, z)hi j(k′, zk′ )〉
=
4
(2π)3k4M4p
∫
dz′G˜k(τ, τ′)
∫
dz′′G˜k(τ, τ′′)
×
∫
d3pd3p′Π kli j (k)Π
mn
i j (k
′)pk pl p′m p
′
n
×〈δϕ(p, τ′)δϕ(k − p, τ′)δϕ(p′, τ′′)δϕ(k′ − p′, τ′′)〉,
(40)
where the relation z = k/aH have been used and G˜ are defined
as
G˜k(z, z
′) =
1
z′2
[
(1 − zz′)sin(z − z′) + (z − z′)
cos(z′ − z)]θ(z′ − z). (41)
Now, one should note that z′p are defined as z
′
p = p/a(τ
′)H. If
we omit the subscript like z′′, it represents a variable in terms
of wave number k,i.e. z′′ = k/a(τ′′)H.
Using Wick theory, the average of 〈...〉 becomes
〈δϕ(p, τ′)δϕ(k − p, τ′)δϕ(p′, τ′′)δϕ(k′ − p′, τ′′)〉
= 〈δϕ(p, τ′)δϕ(k − p, τ′)〉〈δϕ(p′, τ′′)δϕ(k′ − p′, τ′′)〉
+〈δϕ(p, τ′)δϕ(p′, τ′′)〉〈δϕ(k − p, τ′)δϕ(k′ − p′, τ′′)〉
+〈δϕ(p, τ′)δϕ(k′ − p′, τ′′)〉〈δϕ(p′, τ′′)δϕ(p′, τ′′)〉. (42)
5The first term on the right hand can be ignored because it is
a diagram containing the disconnected term proportional to
δ(k)δ(k′). And it is not hard to find that the second term and
the third term are equivalent to each other.
Now the first priority is to solve Eq. (22). According to
(C5) and Appendix B, the solution of (22) is
δϕ(k, z) =
∫
dz′gk(z, z′)
1
z′2H2
[
ξT (k, z
′) + ξq(k, z′)
]
,
(43)
where
gk(z, z
′) =
zνz′ν
z′2ν(2/πz′)
[
Jα(z)Yα(z
′)
−Jα(z′)Yα(z)
]
θ(z′ − z), (44)
with
ν = 3(1 + Q)/2,
α =
√
ν2 − 3βQ
1 + Q
− 3η. (45)
Write perturbed field as
δϕ = δϕT + δϕq, (46)
where δϕT is the part including integral of thermal noise
ξT while δϕq for quantum noise. Then we can find that
tensor spectrum contains three components: thermal term
〈δϕTδϕT 〉〈δϕT δϕT 〉, quantum term 〈δϕqδϕq〉〈δϕqδϕq〉 and
cross term 〈δϕqδϕq〉〈δϕTδϕT 〉. Next we will calculate the
spectrum in terms of three components above.
A. Thermal term
Thermal term of tensor spectrum at the end of inflation (τ =
0, z → 0) reads
〈hi j(k)hi j(k′)〉T
=
4
(2π)3k4M4p
∫
dz′G˜k(τ, τ′)
∫
dz′′G˜k(τ, τ′′)
×
∫
d3pd3p′Π kli j (k)Π
mn
i j (k
′)pk pl p′m p
′
n
×〈δϕT (p, τ′)δϕT (k − p, τ′)〉〈δϕT (p′, τ′′)δϕT (k′ − p′, τ′′)〉,
(47)
The fluctuation-dissipation relation of (13) acts in terms of t.
Now using t = H−1 ln(k/Hz) together with
δ( f (x)) =
∑
{x0}
δ(x − x0)
| f ′(x0)|
, (48)
where x0 are zero point of f (x), we obtain
〈ξT (k, t)ξT (k′, t′)〉 = 2(2π3)ΥT
H4
k2k′
z3z′δ3(k + k′)δ(z − z′).
(49)
It is helpful to make such calculation below:
〈δϕT (p, z′p)δϕT (p′, z′′p′ )〉
=
π2
4H2
∫ ∞
z′p
dz1
∫ ∞
z′′
p′
dz2(z
′
pz
′′
p′ )
ν(z1z2)
−1−ν
×g˜p(z′p, z1)g˜p′(z′′p′ , z2)〈ξT (p, z1)ξT (p′, z2)〉
≃ π
5
ΥTδ3(k + k′)
p3
[
z′νp Yα(z
′
p)
][
z′′νp Yα(z
′
p′ )
]
×
∫ ∞
z′p
dz1z
2−2ν
1 J
2
α(z1), (50)
where we have used (C2) and zνJα(z) ∼ 0 (z < 1). Consider-
ing the function z2−2νJ2α(z), we find that this function almost
equals to zero except a narrow peak at z & 1, so it is conve-
nient to treat it as delta function. Thus∫ ∞
z′p
dz1z
2−2ν
1 J
2
α(z1)
≃ θ(1 − p¯z′)
∫ ∞
0
dz1z
2−2ν
1 J
2
α(z1)
= θ(1 − p¯z′) Γ(ν − 1)Γ(α − ν + 3/2)
2
√
πΓ(ν − 1/2)Γ(α + ν − 1/2) , (51)
where z′p = p/a(τ
′)H = (p/k)(k/a(τ′)H) = p¯z′ and (C7) has
been used. With (45) and (45), get α ≈ ν. Thus
〈δϕT (p, z′p)δϕT (p′, z′′p′ )〉
=
π5ΥT
p3
δ3(p + p′)
(
2νΓ(ν)
)2
× Γ(ν − 1)Γ(
3
2
)
2
√
πΓ(ν − 1/2)Γ(2ν − 1/2) . (52)
The spectrum damps out as (sin kτ−kτ cos kτ)/k3 in Green’s
functions at large value of k. On the other hand, k only appear
in the sublimit of the integral and then they are absorbed in θ
function, and k become not so important which act only as the
form of k−p. Besides, and the most important, (A6) indicates
that if p < akF , δϕ(p, t0) has not thermalized during inflation.
So the integral in tensor spectrum gets its main contributions
at p ≫ k. With these approximations,
〈hi j(k)hi j(k′)〉T
=
π3Υ2T 2δ3(k + k′)
16k4M4p
{ [
2νΓ(ν)
]2
Γ(ν − 1)
4Γ(ν − 1/2)Γ(2ν− 1/2)
}2
×
∫ ∞
0
dz′
sin z′ − z′ cos z′
z′2
∫ ∞
z′
dz′
sin z′′ − z′′ cos z′′
z′′2
×
∫
d3pd3p′
(
p2 − (p · k)
2
k2
)2 δ3(p + p′)
p6
θ(1 − p¯z′).
(53)
Using Eqs. (33), (C9), and (C12) ∼ (C14), thermal term of
tensor spectrum (47) is finally simplified to
〈hi j(k)hi j(k′)〉T =
3π4H4
10k3M4p
δ3(k + k′)
(
T
H
)2
×
[
Q8QΓ(3Q/2 + 3/2)3
(3Q + 1)Γ(3Q/2 + 1)Γ(3Q + 5/2)
]2
. (54)
6Here, we have assumed z2 > z1 and this assumption has no
affect on the final result.
B. Quantum term
According to (27), the correlation function of δϕq(k, z) is
〈δϕq(p, z′p)δϕq(p′, z′′p′ )〉
=
∫ ∞
z′p
dz1
∫ ∞
z′′
p′
dz2g(z
′
p, z1)g(z
′′
p′ , z2)
× 1
H4(z1z2)2
〈ξq(p, z1)ξq(p′, z2)〉
=
(2π)3
p4
[2n(k) + 1]δ3(p + p′)Fp(z′p)F
∗
p(z
′′
p ), (55)
where
Fp(zp) =
∫ ∞
zp
dzG(zp, z) fp(z). (56)
Using (4), (28), (C2) and (C3), Fp(zp) reads
Fp(zp) ≃ −i
z
3/2−µ
p H√
2p3
, (57)
with 0 < z < ǫ < 1 [38]. Notice that zp = p/aH = p¯z < ǫ
and z > ǫ, so 0 < p¯ < 1. Thus the quantum term of two-point
function can be written as
〈hi j(k)hi j(k′)〉q ≃
32π3H4
5k3M4p
I
(
H/T
)
δ(k + k′), (58)
where
I (H/T ) =
∫ 1
0
dp¯
[∫ ∞
0
dz
sin z − z cos z
z2
× coth
(
( p¯ − p¯0)zH
2T
)]2
. (59)
Next, we will proof that I
(
H/T
)
is normalized no matter
at high temperature or low temperature. Note that p = ( p¯ −
p¯0)H/T and consider the low temperature condition (T ≪ H
or p ≫ 1):∫ ∞
0
sin x − x cos x
x2
coth
(
px
2
)
=
∫ ∞
0
dx
sin x − x cos x
x2
+
∫ ∞
0
dx
epx − 1
sin x − x cos x
x2
= 1 + 2
∞∑
n=1
(−1)n−1 2n
(2n + 1)!
∫ ∞
0
x2n−1
epx − 1dx
= 1 − 2
∞∑
n=1
ζ(2n)
2n + 1
(ip)−2n
= 1 − ln
( π/ip
sin(π/ip)
)
+ ip
∫ 1
ip
− 1
ip
ln Γ(1 + z)dz
= 1 − ln
( π/p
sinh(π/p)
)
+ 2 lnΓ(1 + z)
∣∣∣∣
z→0
≃ 1. (60)
In the calculations above, we have used relevant properties
of Gamma function and Zeta function in Appendix C. We
obtain I is unit at low temperature. Next consider the high
temperature condition (T ≫ H) and define z = exp(p0/aT ),
p˜ = p¯H/T . High temperature means that p0 is a negative
number with sufficient large value i.e. z ≪ 1, thus∫ ∞
0
sin x − x cos x
x2
coth
(
( p¯ − p¯0)xH
2T
)
=
∫ ∞
0
dx
sin x − x cos x
x2
+
∫ ∞
0
dxze−p˜x
1 − ze−p˜x
sin x − x cos x
x2
= 1 + 2
∞∑
n,m=1
(−1)n−1 2n
(2n + 1)!
∫ ∞
0
x2n−1
(
ze−p˜x)mdx
= 1 + 2
∞∑
n,m=1
(−1)n−1
2n + 1
1
p˜2n
zm
m2n
= 1 + 2
∞∑
n=1
(−1)n−1
2n + 1
1
p˜2n
g2m(z)
≃ 1. (61)
Thus we assume that I(T/H) = 1. This assumption is reli-
able. In stochastic approach, we assume a field φq as the vac-
uum fluctuation for short wavelength with a sharp momentum
cutoff, which means such a fluctuation as a noise always ex-
ists no matter at low temperature or high temperature. It is just
the condition for cold inflation. On the other hand, chemical
potential is a physical variable that cannot be ignored when a
particles coupling with other fields (like thermal bath) espe-
cially for the condition at phase transition. Most importantly,
it is just the chemical potential that eliminates the singularity
at p = 0.
C. Cross term
If we simulate the calculation above, it is not hard to get
the expression of the cross term for the two-point correlation
function:
〈hi j(k)hi j(k′)〉cross ≃
3π4H4
5k3M4p
δ(k + k′)
× T
H
Q8QΓ(3Q/2 + 3/2)3
(3Q + 1)Γ(3Q/2 + 1)Γ(3Q + 5/2)
. (62)
This component has nothing new compared with thermal and
quantum component.
In the calculations above, we have ignored the slow param-
eter as the index of variable z. With this approximation, we
obtain the scale-invariant spectrum of each components.
IV. RESULT AND NUMERICAL ANALYSIS
Power spectrum of tensor perturbation Ph(k) is defined as:
〈hi j(k)hi j(k′)〉 =
2π2
k3
Ph(k)δ(k + k
′). (63)
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FIG. 1: We plot the thermal component of tensor perturbation which
is normalized as H4/M4p. The spectrum increases with the increase
of Υ/H and T/H. The bright red line on the lower left quarter is the
contour line with the value of amplitude of quantum fluctuation for
tensor mode. The amplitude of thermal component below the contour
line is smaller than the value on the contour line£i.e.£Ph,T /Ph,q < 1.
In other words, quantum fluctuations dominate at this epoch. The
condition is opposite above the contour line, which is almost the
same with the work of Ramos[38].
The spectrum of tensor modes with vacuum form reads [43]
Ph,vac(k) =
2
π2
H2
M2p
. (64)
We illustrate the power spectrum for thermal component in
Fig. 1 and total spectrum of tensor perturbation for warm in-
flation in Fig. 2.
As discussed above, the spectrum for quantum component
is a constant with order of H4/M4p. This value is so small that
there is almost no correction to the spectrum of primordial ten-
sors, which agrees with other cold inflation models [32–34].
However, what we interest most is the thermal component in
total spectrum. As is shown in (54), there are two variables
determining the thermal spectrum i.e. Υ/H and T/H. Con-
sidering the weak dissipation condition with Υ/H ≪ 1 and
T/H ≪ 1 first, we can directly get Ph,T (k) → 0. In other
words, this condition is just the same with cold inflation. In
contrast, the condition with strong dissipation (Υ > H and
T > H) is quite different from that of weak dissipation. The
amplitude of thermal spectrum increases with the increase of
Υ/H and T/H. Taking two simple examples, Ph,T (k) = 63.87
at Υ/H = 10 and T/H = 10, or especially, Ph,T (k) ∼ 104
at Υ/H = 100 and T/H = 100. It has been widely stud-
ied that there has a significant correction on the spectrum of
primordial fluctuations in the warm regime with strong dissi-
pation for T > H and such a correction lowers the tensor-to-
scalar ratio. Thus the curvature power spectrum is modified
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FIG. 2: Total spectrum for tensor perturbation.
into [14, 44]
∆
2
R =
(H
φ˙
)2( H
2π
)2[
1 + 2n + 2πQ
T
H
]
. (65)
The temperature at the end of inflation is [45]
4.09 × 1013GeV ≤ T ≤ 2.216 × 1014GeV. (66)
With this and using (54), (64) and (65), we obtain the tensor-
to-scalar ratio in warm inflation:
r ≃ [10
−8 f (Q) + 8]|nT |
1 + 2n + 2πQ T
H
, (67)
where f (Q) is function containing Q in (54) and nT is the ten-
sor index. From (67) we can find that large Q will upper the
tensor-to-scalar ratio , but it does not act obviously until Q
reaches the level of 100 (Q > 100). In [46], the authors have
tabled the parameters like Q, T/H, r and others in warm infla-
tion with different potential by the constraint by recent years’
observational data. The result shows T/H ∼ 1 during infla-
tion which agrees with the analysis in [45]. The nondetection
of cosmic gravitational waves background strongly constrains
that thermal component of tensor perturbation Ph,T will not
upper the ratio dramatically which also agrees with a various
of works [46, 47]. In this way, the primordial tensor spec-
trum thus can be used to distinguish warm inflation from cold
inflation.
V. CONCLUSIONS AND DISCUSSION
In this paper we first derive the two point correlation func-
tion of tensor perturbation in warm inflation and prove that
primordial scale-invariant power spectrum of warm inflation
is achieved only if system evolutes near thermal equilibrium
8state, in which condition warm inflaton fields are stable. We
also explain the physical meaning of both scalar index and
slow-roll parameter β in (21) that correspond to the nonequi-
librium properties during inflationary epoch. Then we calcu-
late the power spectrum for warm inflation by Green’s func-
tion method and mainly discuss the thermal component in to-
tal spectrum. We consider it as a new method to distinguish
warm inflation from cold inflation. At last, we illustrate our
result by numerical analysis. Using existing cosmic obser-
vational data, we find that fluctuations from thermal noise
does not raise the tensor-to-scalar ratio dramatically at order
of 10−4 although the temperature is high enough.
There are also many issues which deserve further discus-
sion in this paper. The first one is the thermal properties of
warm inflation model. For example, how initial condition de-
termines the scalar index ns and whether the stability of ther-
mal inflaton fields still holds with arbitrary initial condition?
Then, we find that the spectrum of quantum fluctuation is al-
most a constant because of momentum cutoff in stochastic ap-
proach. So whether quantum fluctuations still exist in high
temperature in other models becomes an interesting and chal-
lenging work. Finally, but the most important, is whether we
can observe such a fluctuation? Although the cosmic gravita-
tional waves background has not been detected yet, with the
discovery of gravitational waves, more and more new method
coming out [48, 49] and a series of observation installations
working or being build [1–4], it is believable that primordial
gravitational waves can be detected in the foreseeable future.
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Appendix A: Thermal properties of warm inflation
Correlation function is defined as
Pδϕ(x − y, t1, t2) = 〈δϕ(x, t1)δϕ(y, t2)〉, (A1)
whose Fourier transformation is
Pδϕ(k, t1, t2) =
∫
d3k′
(2π)3
〈δϕ(k, t1)δϕ(k′, t2)〉, (A2)
Let’s consider (17) again. Using the slow-roll condition
and strong dissipation condition Γ ≫ H, (17) approximately
writes [50]
Υ
dδϕ(k, t)
dt
+ [k2p + V
′′(φ)]δϕ(k, t) ≈ ξT (k, t), (A3)
where V ′′(φ) = d2V(φ)/dφ2 and φ is defined in (15), kp = k/a
is the physical wave number and k is the conformalwave num-
ber. Strong dissipation means that we can ignore the change
of parameter a, kp and T within the time interval 1/H and fluc-
tuation from quantum noise is negligible. Then the solution of
(17) is
δϕ(k, t) ≈ 1
Υ
e−(t−t0)/τ(φ)
∫ t
t0
et
′−t0ξt(k, t′)dt′
+δϕ(k, t0)e
−(t−t0)/τ(φ) (A4)
where t0 is any coordinate time during inflation and τ(φ) =
Υ/[k2p + V
′′(φ)].
The correlation function of perturbed inflation field is
〈δϕ(k, t1)δϕ(k′, t2)〉 = δϕ(k, t0)δϕ(k′, t0)e−(t1+t2)/τ(φ) +
2(2π)3Tδ3(k + k′)
Υa3
e−(t1+t2)/τ(φ)
×
∫ t1
t0
∫ t2
t0
e(s1+s2)/τ(φ)δ(s1 − s2)ds1ds2 (A5)
where we have used (13). The double integral in (A5) contains a δ function, so we need to integrate first to the lager one in t1
and t2. Then
〈δϕ(k, t1)δϕ(k′, t2)〉 = δϕ(k, t0)δϕ(k′, t0)e−(t1+t2)/τ(φ) +
2(2π)3Tδ3(k + k′)
Υa3
e−(t1+t2)/τ(φ)
×
∫ min(t1 ,t2)
t0
∫ max(t1,t2)
t0
e(s1+s2)/τ(φ)δ(s1 − s2)ds1ds2
= δϕ(k, t0)δϕ(k
′, t0)e−(t1+t2)/τ(φ) +
2(2π)3Tδ3(k + k′)
Υa3
e−(t1+t2)/τ(φ)
∫ min(t1 ,t2)
t0
e2s/τ(φ)ds
= δϕ(k, t0)δϕ(k
′, t0)e−(t1+t2)/τ(φ) +
(2π)3Tτ(φ)δ(k + k′)
Υa3
{
e−[t1+t2−2min(t1,t2)]/τ(φ) − e−(t1+t2)/τ(φ)
}
= δϕ(k, t0)δϕ(k
′, t0)e−(t1+t2)/τ(φ) +
(2π)3Tτ(φ)δ3(k + k′)
Υa3
{
e−|t1−t2 |/τ(φ) − e−(t1+t2)/τ(φ)
}
. (A6)
9Now, let’s make more detailed calculation of the second term in final equation.
(2π)3Tτ(φ)
Υa3
=
(2π)3TΥ
a3Υ(k2/a2 + V ′′)
=
(2π)3HT
a3H3( k
2
a2H2
+
V ′′
H2
)
=
(2π)3HT
k3
z3
(z2 + 3η)
≃ (2π)
3HTz
k3
, (A7)
where we have used relation z = k/aH and Eq. (20). Finally, the correlation function reads
〈δϕ(k, t1)δϕ(k′, t2)〉 =
(
δϕ(k, t0)δϕ(k
′, t0) −
(2π)3HTz
k3
δ3(k + k′)
)
e−(t1+t2)/τ(φ) +
(2π)3HTz
k3
δ3(k + k′)e−|t1−t2 |/τ(φ).
(A8)
Thermalization requires that initial condition must thermal-
ize at physical scale kp within 1/H. From (A8), the first term
in right hand must be negligible with in Hubble time, so
k2p − V ′′
HΥ
> 1. (A9)
If V ′′ > HΥ, the freeze-out number is the same with that of
cold inflation, kF = H (z = 1). However, if V
′′ < HΥ, the
freeze-out number reads
kF = (HΥ)
1
2 . (A10)
Obviously P(k, t1, t2) is dependent on the initial state
δϕ(k, t0). Now make average on initial state and assume
t1 = t2 = t together with t0 = 0, so correlation function can be
written as
Pδϕ(k′, t0) =
(2π2
k3
Pδϕ(k
′, t0) −
HTz∗
k3
)
e−2t/τφ +
HTz∗
k3
,
(A11)
with the definition of power spectrum
Pδϕ(k, t) =
k3
2π2
∫
d3k′
(2π)3
〈δϕ(k, t0)δϕ(k′, t0)〉, (A12)
and z∗ as the value at horizon crossing z∗ = (ΥH)1/2/H.
Things become quite interesting. If the power spectrum is
scale-invariant i.e. Pδϕ(k, t0) = (ΥH)1/2T/2π2 [20], the spec-
trum Pδϕ(k, t) is also scale-invariant and totally the same with
Pδϕ(k, t0). In other words, Pδϕ is stable in this condition
which means system is on thermal equilibrium during time
interval t > t0. This is quite similar with the condition of
correlation function for particles with Brown motion [51].
Now, consider that Pδϕ(k, t0) is not a scale-invariant spec-
trum and assume Pδϕ(k, t0) = A(k/k0)
n′−1 where n′ is an arbi-
trary number. Then Pδϕ(k, t)becomes also dependent on k i.e.
Pδϕ(k, t) = A(k/k0)
n−1. However, this term damps with the
increase of time, which means n tends to unit with the time
evolution. This is an effect dominated by nonequilibrium me-
chanics. In this way, we can say that scalar index ns and slow-
roll parameter β are parameters that illustrate the deviation
from equilibrium state. Probe on Cosmic Microwave Back-
ground shows that our universe is almost in nearly equilibrium
[52] if considering our universe in early epoch as a model in
thermal bath. The relation (A11) indicates that Pδϕ(k, t0) (the
initial condition of universe) becomes not so important even
though we cannot give an accurate description till now.
Appendix B: A brief introduction to Green’s Function
Let’s consider the equation [53]
d2y
dt2
+ ω2(t)y = f (t), (B1a)
with boundary condition
y(0) = y′(0) = 0. (B1b)
To solve this equation, we need to solve another relevant equa-
tion in terms of Green function G(t,t’):
d2G(t, t′)
dt2
+ ω2(t)G(t, t′) = δ(t − t′), (B2a)
with boundary condition
G|t=0 =
dG(t, t′)
dt
∣∣∣∣
x=0
= 0. (B2b)
Obviously, when t < t′, G satisfy
d2G(t, t′)
dt2
+ ω2(t)G(t, t′) = 0, (B3)
with boundary condition (B2b). Then assume the general so-
lution of (B3) is
G(t < t′) = c1(t′)y1(t) + c2(t′)y2(t), (B4)
where y1 and y2 is the solutions of (B3). Considering the
boundary condition, we obtain
G(t < t′) = 0. (B5)
Next, assume
G(t > t′) = c3(t′)y1(t) + c4(t′)y2(t). (B6)
It’s not hard to find that G is continuous at t = t′ while G′ not,
and
dG(t, t′)
dt
∣∣∣∣
t<t′
= 0,
dG(t, t′)
dt
∣∣∣∣t+0
t−0
= 1. (B7)
Thus
c3(t
′)y1(t′) + c4(t′)y2(t′) = 0 (B8)
c3(t
′)y′1(t
′) + c4(t′)y′2(t
′) = 1 (B9)
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Then we obtain the solution of (B2)
G(t, t′) =
y1(t)y2(t
′) − y2(t)y1(t′)
y1(t)y
′
2
(t) − y2(t)y′1(t)
θ(t − t′). (B10)
Finally, the solution of (B1) is
y(t) =
∫ ∞
0
G(t, t′) f (t′)dt′. (B11)
Appendix C: Special functions and integrals
The equation
d2y
dz2
+
1
z
dy
dz
+ (1 − ν
2
z2
)y = 0 (C1)
has two linear independent solutions: Bessel function Jν(z)
and Neumann function Yν(z), with properties [41, 54]
Jν(z) ≈
1
Γ(ν + 1)
( z
2
)ν
(ν > 0, z → 0+), (C2)
Yν(z) ≈ −
Γ(ν)
π
(2
z
)ν
(ν > 0, z → 0+), (C3)
and
Jν(z)Y
′
ν(z) − J′ν(z)Yν(z) =
2
πz
. (C4)
The solution of equation
d2u
dz2
+
1 − 2α
z
du
dz
+
(
β2 +
α2 − ν2
z2
)
u = 0 (C5a)
is also in terms of Bessel function
u = zαZν(βz), (C5b)
where Zν is any kind of Bessel function. Integral with double
Bessel function is Schafgeitlin integral formula:
∫ ∞
0
Jµ(ax)Jν(bx)
xλ
dx =
bνΓ(
ν+µ−λ+1
2
)
2λaν−λ+1Γ(ν + 1)Γ( µ−ν+λ+1
2
)
×F
(ν + µ − λ + 1
2
,
ν − µ − λ + 1
2
; ν + 1;
b2
a2
)
,
µ + ν + 1 > λ > −1, 0 < b < a or
µ + ν + 1 > λ > 0, a = b. (C6)
Specially,
∫ ∞
0
dz1z
2−2ν
1 J
2
α(z1)
=
(1/2)2ν−3Γ(2ν − 2)Γ(α − ν − 3/2)
2[Γ(ν − 1/2)]2Γ(α + ν − 1/2)
=
Γ(ν − 1)Γ(α − ν + 3/2)
2
√
πΓ(ν − 1/2)Γ(α + ν − 1/2) , (C7)
where we have used (C10). Zeta function is defined as
ζ(z) =
1
Γ(z)
∫ ∞
0
xz−1
ex − 1dx, (C8)
where Γ(z) are Gamma functions with
Γ(z + 1) = zΓ(z) (Re(z) > 1), (C9)
Γ(2z) = 22z−1 π−1/2Γ(z)Γ(z + 1/2). (C10)
Zeta function has the property [55]
∞∑
k=1
ζ(2k)
z2k
2k + 1
=
1
2
ln
( πz
sin πz
)
− 1
2z
∫ z
−z
lnΓ(1 + z)dz, |z| < 1.
(C11)
We have used the two integral formulas below frequently in
this paper
∫ ∞
0
dx
sin x − x cos x
x2
= 1, (C12)∫ ∞
0
dx
sin x − x cos x
x3
=
π
4
£ (C13)
and
∫ ∞
0
sin x − x cos x
x3
∫ x
0
sin y − y cos y
y2
dydx =
π
12
(C14)
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